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Consider the below mentioned equations:  

 

𝑎4 + 𝑏4 + 𝑐4 + 𝑑4 + 𝑒4 + 𝑘 ∗ (𝑓)4 = (𝑔)4  − − − −(𝐴) 

𝐹𝑜𝑟 𝑘 =  1,2,3,4,5,6,7,8,9 

𝑎4 + 𝑏4 + 𝑐4 + 𝑘 ∗ (𝑑)4 = (𝑒)4  − − − − − − (𝐵) 

𝐹𝑜𝑟 𝑘 = 2,3,7,8 & 9 

 

Abstract:  Different authors have done analysis regarding sums of powers (Ref. no. 1,2 & 

3), but systematic approach for solving Diophantine equations having sums of many 

bi-quadratics equal to a quartic has not been done before. In this paper we give methods for 

finding numerical solutions to equation (A) given above in section one. Next in section two, 

we give methods for finding numerical solutions for equation (B) given above. As is known 

that finding parametric solutions to biquadratic equations is not easy by conventional method. 

So the authors have found numerical solutions to equation (A) & (B) using elliptic curve 

theory. 
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Summary: 

 

Previously research has been done by others, for Sum of bi-quadratics equal to a bi-quadratic.  

R. Carmichael gave the below mentioned identity for (k+2) bi-quadratics where k=4, 

(𝑎4 − 2𝑏4)4 + (2𝑎 𝑏)4 +  4 ∗ (2𝑎𝑏 )4 = (𝑎4 + 2𝑏4)4 

Also equation ( 𝑎 + 𝑘 ∗ 𝑏4=𝑐4 + 𝑘 ∗ 𝑑4), for k=4 , has been investigated by Ajai Choudhry 

in his paper, but our paper is different, because of our paper’s requirement, that the right hand 

side of our above equations (A) &(B)  

need’s to be equal to a quartic. But to-date the authors have not found any publications which 

deal systematically, with the subject of (k + n) bi-quadratics, where (n=3, 5). We have, 

numerical solutions where k>9, but the authors are going to deal with solutions for 

k=1,2,3,4,5,6,7,8,9 for (k+5) bi-quadratics and for k=2,3,7,8,9 for (k+3) bi-quadratics . 

Mention of k=4 & 6 is not made in section two because k=4 & 6 has elliptic curve, with rank 

zero, hence has no rational integer solutions. K=5 is omitted in the latter because it has 

alluded solution by our method. Also k=1 is omitted because a solution has been given by 

Jacobi & Madden in their paper on the equation, 

(𝑎, 𝑏, 𝑐, 𝑑)4 = (𝑎 + 𝑏 + 𝑐 + 𝑑)4 

Section one: 

Equation 𝐴4 + 𝐵4 + 𝐶4 + 𝐷4 + 𝐸4 + 𝑘 ∗ 𝐹4 = 𝐺4 has infinitely many integer solutions for 

k=1,2,3,4,5,6,7,8,9. 

Proof. 

𝐴4 + 𝐵4 + 𝐶4 + 𝐷4 + 𝐸4 + 𝑘 ∗ 𝐹4 = 𝐺4............................... (1) 

 𝑒𝑡 𝐴 = 𝑐 ∗   + 𝑑, 𝐵 = 𝑒 ∗  + 𝑓, 𝐶 = 𝑠 ∗ 𝑟, 𝐷 = 𝑡 ∗ 𝑟, 𝐸 =  ∗ 𝑟, 𝐹 = 𝑟, 

𝐺 = 𝑎 ∗   + 𝑏           (2) 

𝐶𝑜𝑛𝑠 𝑑𝑒𝑟 𝑡 𝑒 𝑒  𝑎𝑡 𝑜𝑛, 

𝑟4 ∗ (𝑠4 + 𝑡4 +  4 + 𝑘) = (𝐺4 − 𝐴4 − 𝐵4)       (3) 

 

𝐺4 − 𝐴4 − 𝐵4 = ( 𝑎  + 𝑏)4 − ( 𝑐  + 𝑑)4 − ( 𝑒 + 𝑓)4 

= (  8 + 8 + 32  )^2 𝑓𝑜𝑟 [a, b, c, d, e, f] = [4, 3, 4, −1, 4, −2], So Right hand side is a 

square and we need to make the left hand side of equation (3) [𝑟4 ∗ (𝑠4 + 𝑡4 +  4 +
𝑘)] 𝑎 𝑠  𝑎𝑟𝑒, for suitable values of (s,t,u) & (k)  

 

We have below equation (A) 

𝐴4 + 𝐵4 + 𝐶4 + 𝐷4 + 𝐸4 + 𝑘 ∗ 𝐹4 = 𝐺4 

Equation for, k=1: 

𝐴4 + 𝐵4 + 𝐶4 + 𝐷4 + 𝐸4 + 𝐹4 = 𝐺4 

Let [s,t,u]=[19, 17, 11] and [a,b,c,d,e,f]=[4, 3, 4, -1, 4, -2], 



   

 

𝑒  𝑎𝑡 𝑜𝑛 (3) 𝑎𝑏𝑜 𝑒 , 𝑏𝑒𝑐𝑜𝑚𝑒𝑠 

−4(−239𝑟 + 4 + 4 + 16  )(239𝑟 + 4 + 4 + 16  ) =    

 𝑒𝑛𝑐𝑒 − 239𝑟 + 4 + 4 + 16  =   𝑜𝑟 

239𝑟 + 4 + 4 + 16  =    

 𝑒𝑡  𝑠 𝑓 𝑛𝑑 𝑡 𝑒 𝑟𝑎𝑡 𝑜𝑛𝑎  𝑠𝑜  𝑡 𝑜𝑛 𝑜𝑓 

−239𝑟 + 4 + 4 + 16  =              (4) 

  𝑏𝑠𝑡 𝑡 𝑡𝑒  =
 

956
𝑎𝑛𝑑 𝑟 =

 

114242
𝑡𝑜 𝑒  𝑎𝑡 𝑜𝑛 (4), 𝑡 𝑒𝑛 𝑤𝑒 𝑜𝑏𝑡𝑎 𝑛 

  =   + 228484 + 21843 7 4              (5) 

𝑇 𝑒 𝑒   𝑝𝑡 𝑐 𝑐 𝑟 𝑒   =   + 228484 + 21843 7 4  𝑎𝑠 𝑟𝑎𝑛𝑘 1  

Refer to the elliptic curve tables mentioned in the reference section: 

𝑇 𝑒 𝑝𝑜 𝑛𝑡 ( ,  ) 𝑜𝑛 𝑡 𝑒 𝑒   𝑝𝑡 𝑐𝑎  𝑐 𝑟 𝑒 𝑎𝑏𝑜 𝑒 =  (58  , 23368) ,  𝑒𝑎𝑑𝑠 𝑡𝑜 𝑏𝑒 𝑜𝑤  

269794 +  243784 +  2219964 +  1986284 +  1285244 +  116844 = 2554634 

------- 

 

 

 

 𝑒  𝑎 𝑒,    𝐴4 + 𝐵4 + 𝐶4 + 𝐷4 + 𝐸4 + 𝑘 ∗ 𝐹4 = 𝐺4 

 

Equation for, k=2. 

𝐴4 + 𝐵4 + 𝐶4 + 𝐷4 + 𝐸4 + 2 ∗ 𝐹4 = 𝐺4 

 

 

Let [s,t,u]=[7, 3, 2] and [a,b,c,d,e,f]=[4, 3, 4, -1, 4, -2], 

Equation (3) becomes, 

−4(−25𝑟 + 4 + 4 + 16  ) ∗ (25𝑟 + 4 + 4 + 16  ) =    

In the same way with k=1, let us find the rational solution of  

– 25𝑟 + 4 + 4 + 16  =  ........ (6) 

Let us transform equation (6) to elliptic curve (7). 

  =   + 4 + 16 ....................................................................... (7) 

The elliptic curve eqn.(7) has rank 1. 

The point (X, Y) = (1/4, -33/8) leads to below mentioned numerical solution. 

General Note: The elliptical equations in section one & two are all having rank one. Since the 

points (X,Y) on the elliptical curves are rational points, by Nagell-Lutz theorem the elliptical 

curves will all have points of infinite order. 



   

 

3154 +  56 4 +  9244 +  3964 +  2644 +  2 ∗ 1324 =  9654 

𝐴4 + 𝐵4 + 𝐶4 + 𝐷4 + 𝐸4 + 2 ∗ 𝐹4 = 𝐺4 --------(7a) 

Additional method for ‘k’=2 

Consider the above equation (7a) for (k+5) quartics, 

For k=2, there is a numerical solution for the above namely, 

(6,1 ,16,32,29)4 +  2 ∗ (12)4 = (37)4 

[since (6+10=16)] 

Example of parametric solution for above for k=2, meaning (a+b=c) is given below: 

(6𝑛  2 𝑛 − 16)4 + (−16𝑛 − 12𝑛 = 1 )4 + (−1 𝑛 − 32𝑛 − 6)4

+ 324 ∗ (𝑛 + 𝑛 + 1)4 + 294 ∗ (𝑛 + 𝑛 + 1)4 +  2 ∗ (𝑛 + 𝑛 + 1)4

= (37𝑛 + 37𝑛 + 37)4 

Where ‘n’ is a parameter. 

(𝑎, 𝑏, 𝑐, 𝑑, 𝑒)4 + 2 ∗ (𝑓)4 = 𝑔4 

As is known (a+b=c)  𝑚𝑝  𝑒𝑠 ((𝑎, 𝑏, (𝑎 + 𝑏))4= 2 ∗ (𝑎 + 𝑎𝑏 + 𝑏 ) , hence equation (1) 

above can be parametrized when (a,b) is known. 

  𝑛𝑐𝑒 (𝑎, 𝑏, 𝑐)4 =  2(𝑎 + 𝑎𝑏 + 𝑏 ) = [𝑔4 − 𝑑4 − 𝑒4 −  𝑘 ∗ (𝑓)4] 

 

 

 𝑒  𝑎 𝑒,   𝐴4 + 𝐵4 + 𝐶4 + 𝐷4 + 𝐸4 + 𝑘 ∗ 𝐹4 = 𝐺4 

Equation for, k=3. 

𝐴4 + 𝐵4 + 𝐶4 + 𝐷4 + 𝐸4 + 3 ∗ 𝐹4 = 𝐺4 

 

Let [s,t,u]=[5, 4, 2] and [a,b,c,d,e,f]=[4, 3, 4, -1, 4, -2], 

Equation (3) becomes to 

 −4(15𝑟 + 4 + 4 + 16  ) ∗ (−15𝑟 + 4 + 4 + 16  ) =    

Let us find the rational solution of (– 15𝑟 + 4 + 4 + 16  )= 0 ................................. (8) 

Let us transform equation (8) to elliptic curve (9). 

  =   + 9   + 54    .................................................................. (9) 

The elliptic curve equation (9) has rank 1. 

The point (X, Y) = (34 , -352) leads to below. 

164 +  154 +  22 4 +  1764 +  884 +  3 ∗  444 =  2414 

𝐴4 + 𝐵4 + 𝐶4 + 𝐷4 + 𝐸4 + 𝑘 ∗ 𝐹4 = 𝐺4 

Equation for, k=4. 

𝐴4 + 𝐵4 + 𝐶4 + 𝐷4 + 𝐸4 + 4 ∗ 𝐹4 = 𝐺4 



   

 

 

Let [s,t,u]=[70, 30, 20] and [a,b,c,d,e,f]=[4, 3, 4, -1, 4, -2], 

Equation (3) becomes , 

 −4(2499𝑟 + 4 + 4 + 16  ) ∗ (−2499𝑟 + 4 + 4 + 16  ) =    

Let us find the rational solution of 

−2499𝑟 + 4 + 4 + 16  =   ............................. (10) 

Let us transform equation (10) to elliptic curve eqn.(11). 

  =   + 1 4 4 + 2122416 .................................................... (11) 

The elliptic curve (11) has rank 1. 

The point (X, Y) = ( 474 , 10656) leads to below. 

1 4164 +  36894 +  1 36 4 +  444 4 +  296 4 +  4 ∗  1484 =  124394 

 

 𝑒  𝑎 𝑒,       𝐴4 + 𝐵4 + 𝐶4 + 𝐷4 + 𝐸4 + 𝑘 ∗ 𝐹4 = 𝐺4 

Equation for, k=5. 

𝐴4 + 𝐵4 + 𝐶4 + 𝐷4 + 𝐸4 + 5 ∗ 𝐹4 = 𝐺4 

Let [s,t,u]=[11, 7, 5] and [a,b,c,d,e,f]=[4, 1, 4, -1, 4, 0], 

Equation (3) becomes, 

 8 ∗ (47𝑟 + 2 − 8  ) ∗ (47𝑟 − 2 + 8  ) =0. 

Let us find the rational solution of 47𝑟 + 2 − 8  =0................................ (12) 

Let us transform equation (12) to elliptic curve eqn.(13). 

  =   − 22 9  ..................................................................... (13) 

The elliptic curve (13) has rank 1. 

The point (X, Y) = (684407232/2289169, 17682275119320/3463512697)  

leads to below numerical solution. 

2 68 73554541754 + 66669 986753284 + 13322141458164 4 + 8477726382468 4

+ 6 5551884462  4 + (5) ∗ 12111 3768924 4 = 2172879448752974 

 𝑒 𝑡 𝑤𝑒  𝑎 𝑒,     𝐴4 + 𝐵4 + 𝐶4 + 𝐷4 + 𝐸4 + 𝑘 ∗ 𝐹4 = 𝐺4 

Equation for, k=6. 

𝐴4 + 𝐵4 + 𝐶4 + 𝐷4 + 𝐸4 + 6 ∗ 𝐹4 = 𝐺4 

 

Let [s,t,u]=[37, 31, 11] and [a,b,c,d,e,f]=[4, 3, 4, -1, 4, -2], 

Equation (3) becomes, 

 −(−1677𝑟 + 8 + 8 + 32  ) ∗ (1677𝑟 + 8 + 8 + 32  ) =    

Let us find the rational solution of −1677𝑟 + 8 + 8 + 32  =    ............................ (14) 



   

 

Let us transform equation (14) to elliptic curve (15). 

  =   + 44997264 +  6 3683293824 ..................................................... (15) 

The elliptic curve (15) has rank 1. 

The point (X, Y) = ( 1720 , 828352) leads to below. 

14214 +  22624 +  41444 +  34724 +  12324 +  6 ∗ 1124 =  46634 

𝐴4 + 𝐵4 + 𝐶4 + 𝐷4 + 𝐸4 + 𝑘 ∗ 𝐹4 = 𝐺4 

Equation for, k=7. 

𝐴4 + 𝐵4 + 𝐶4 + 𝐷4 + 𝐸4 + 7 ∗ 𝐹4 = 𝐺4 

Let [s,t,u]=[5, 3, 2] and [a,b,c,d,e,f]=[4, 3, 4, -1, 4, -2], 

Equation (3) becomes, 

 −(27𝑟 + 8 + 8 + 32  )(−27𝑟 + 8 + 8 + 32  )=0. 

Let us find the rational solution of 

 −27𝑟 + 8 + 8 + 32  = 0 ................................ (16) 

Let us transform equation (16) to elliptic curve (17). 

   =    + 144 + 3456 .................................................................. (17) 

The elliptic curve (17) has rank 1. 

The point (X, Y) = ( 4 , -64) leads to below. 

64 + 94 +  2 4 +  124 + 84 +  7 ∗  44 =  214 

 

 𝑒  𝑎 𝑒,       𝐴4 + 𝐵4 + 𝐶4 + 𝐷4 + 𝐸4 + 𝑘 ∗ 𝐹4 = 𝐺4 

 

Equation for, k=8. 

𝐴4 + 𝐵4 + 𝐶4 + 𝐷4 + 𝐸4 + 8 ∗ 𝐹4 = 𝐺4 

 

Let [s,t,u]=[4, 3, 2] and [a,b,c,d,e,f]=[4, 3, 4, -1, 4, -2], 

Equation (3) becomes, 

 −(−19𝑟 + 8 + 8 + 32  ) ∗ (19𝑟 + 8 + 8 + 32  ) =0. 

Let us find the rational solution of 

 −19𝑟 + 8 + 8 + 32  = 0 ................................ (18) 

Let us transform equation (18) to elliptic curve (19). 

  =   + 5776 + 877952 .............................................................. (19) 

The elliptic curve eqn.(19) has rank 1. 

The point (X, Y) = (-16316/225, -941248/3375) leads to below. 



   

 

4 93464 + 178566754 + 352968 4 + 264726 4 + 176484 4 +  8 ∗ 88242 4

= 178662794 

 

 𝑒  𝑎 𝑒,     𝐴4 + 𝐵4 + 𝐶4 + 𝐷4 + 𝐸4 + 𝑘 ∗ 𝐹4 = 𝐺4 

 

Equation for, k=9. 

𝐴4 + 𝐵4 + 𝐶4 + 𝐷4 + 𝐸4 + 9 ∗ 𝐹4 = 𝐺4 

 

Let [s,t,u]=[12, 10, 6] and [a,b,c,d,e,f]=[4, 3, 4, -1, 4, 2], 

Equation (3) becomes , 

 −(179𝑟 − 8 + 8 + 32  ) ∗ (−179𝑟 − 8 + 8 + 32  ) =    

Let us find the rational solution of -179r^2-8+8x+32x^3=0 ............................... (20) 

Let us transform equation (20) to elliptic curve eqn.(21). 

  =   + 512656 − 734123392 ..................................................... (21) 

This elliptic curve eqn. (21) has rank 1. 

The point (X, Y) = (569670529240635121336/10878607024914721,  

13598002320735074871580564215680/1134644815597146377458481)  

leads to below numerical solution. -------------------------------------------- (22)  

6329 7528785561577532579698212415 754 

+1754736366  521434 23931273346458144 

+13279353988938893 571722711937 7584 4 

+11 6612832411574421431 22599475632  4 

+6639676994469446528586135596853792 4 

+ 9 ∗ 11 6612832411574421431 22599475632 4 

= 63338 9 51487716732 12518475 24464394 

 

 

                            Section Two: (k+3) quartic’s 

Equation (B) is given below, 

 𝑒  𝑎 𝑒,    𝐴4 + 𝐵4 + 𝐶4 + 𝑘 ∗ 𝐷4 = 𝐸4                                  (1) 

 𝑒𝑡 𝐴 = 𝑐  + 𝑑, 𝐵 = 𝑒 + 𝑓, 𝐶 = 𝑠𝑟, 𝐷 = 𝑟, 𝐸 = 𝑎  + 𝑏 .............. (2) 

Hence we get the equation, 

𝑟4 ∗ (𝑠4 + 𝑘) = (𝐸4 − 𝐴4 − 𝐵4) ............................ (3) 

𝐺4 − 𝐴4 − 𝐵4 = ( 𝑎 ∗   + 𝑏)4 − ( 𝑐 ∗   + 𝑑)4 − ( 𝑒 ∗  + 𝑓)4 



   

 

= ( 8 + 8 + 32  )  𝑓𝑜𝑟 [a, b, c, d, e, f] = [4, 3, 4, −1, 4, −2], So Right hand side is a square 

and we need to make the left hand side of equation (3) [𝑟4 ∗ (𝑠4 + 𝑘)] 𝑎 𝑠  𝑎𝑟𝑒, for suitable 

values of (s) & (k)  

Section Two: 

Regarding the (k+3) quartic equation given below 

 

For k=2 , 

(𝑎, 𝑏, 𝑐)4 + 𝑘 ∗ 𝑑4 = 𝑒4 ------ (B) 

For k=2, the Identity is given below, 

(𝑝 +   )4 = (𝑝 −   )4 + (2𝑝 )4 + (𝑠)4 +  2 ∗ (𝑟)4 

The above after simplification has the condition:  

 3𝑟 =  2𝑝 (𝑝 −   ) − − − −(𝐶) 

Solution is (p,q,r,s) = (2,1,2,4) 

The above, equation (B) has the elliptical equation, 

  =    ∗  (  –  36) 

 

And it has rank one, hence equation (A) has infinite solutions for k=2. 

Numerical solution is:  

(4,3,4)4 + 2 ∗ (2)4 = (5)4 

The point (X, Y) = (25/4, 35/8) leads to below numerical solution, 

494 +  28 4 +  12  4 +  2 ∗  14 4 =  12 14 

The author’s have noted that there are parametric solutions for k= 14,46,49,63,94 where 

(k)<100. For (k+3) quartics. Those have the condition (a+b=c). Namely (𝑎, 𝑏, 𝑐)4  + 𝑘 ∗
 (𝑑)4 = 𝑒4  

 

 𝑒  𝑎 𝑒, 𝐴4 + 𝐵4 + 𝐶4 + 𝑘 ∗ 𝐷4 = 𝐸4 

 

Equation for, k=3. 

𝐴4 + 𝐵4 + 𝐶4 + 3 ∗ 𝐷4 = 𝐸4 

 

Let [a,b,c,d,e,f,s]=[4, 3, 4, -1, 4, 2, 1/2], 

Equation (3) becomes, 

1

16
∗ (7𝑟 + 32 − 32 − 128  ) ∗ (7𝑟 − 32 + 32 + 128  ) =    

Let us find the rational solution of  



   

 

7𝑟 + 32 − 32 − 128  =   ....................... (6) 

Let us transform equation (6) to elliptic curve eqn.(7). 

   =    + 784 − 439 4 ........................................................ (7) 

The elliptic curve eqn. (7) has rank 1. 

The point (X, Y) = (36, 176) leads to below. 

84 +  564 +  114 +  3 ∗  224 =  574 

 𝑒 𝑡 𝑤𝑒  𝑎 𝑒,    𝐴4 + 𝐵4 + 𝐶4 + 𝑘 ∗ 𝐷4 = 𝐸4 

Equation for, k=7. 

𝐴4 + 𝐵4 + 𝐶4 + 7 ∗ 𝐷4 = 𝐸4 

 

When [a,b,c,d,e,f,s]=[4, 1, 4, -1, 4, 0, 47], 

Equation (3) becomes,  

8(781𝑟 + 2 − 8  ) ∗ (781𝑟 − 2 + 8  ) =    

Let us find the rational solution of  

781𝑟 + 2 − 8  =  ........................... (8) 

Let us transform equation (8) to elliptic curve eqn.(9). 

  =   − 6 9961  ............................................................ (9) 

The elliptic curve (9) has rank 1. 

The point (X, Y) = (-2876843001196439/4324112302500, 

-94873842643707990383059/8991775327433625000) leads to below. 

51294966749538322138928394 +  31856 62  7258755695495   4 

+ 152 16512  677671668 1885 4 +  7 ∗  323439387248461 9931955 4 

=  322663977343 987 7986 71614 

 

 𝑒  𝑎 𝑒,    𝐴4 + 𝐵4 + 𝐶4 + 𝑘 ∗ 𝐷4 = 𝐸4 

Equation for, k=8. 

𝐴4 + 𝐵4 + 𝐶4 + 8 ∗ 𝐷4 = 𝐸4 

 

Let [a,b,c,d,e,f,s] = [4, 3, 4, -1, 4, -2, 239/13], 

Equation (3) becomes,  

 −
1

 8561
∗ (−57123𝑟 + 1352 + 1352 + 54 8  ) ∗ (57123𝑟 + 1352 + 1352 +

54 8  ) =  . 

Let us find the rational solution for, 



   

 

 −57123𝑟 + 1352 + 1352 + 54 8  =  .............(10) 

Let us transform equation (10) to elliptic curve (11). 

  =   + 184 9  8 87184 + 15797 34929329 458496 ...........(11) 

The elliptic curve equation (11) has rank 1. 

The point (X, Y) = (2088556756/1369, 697479284591232/50653) leads to below. 

1362685 72324 +  2 1 494466734 +  4833639687764 +  8 ∗  262917639924

=  487694 4 3374 

𝐴4 + 𝐵4 + 𝐶4 + 𝑘 ∗ 𝐷4 = 𝐸4 

Equation for, k=9. 

𝐴4 + 𝐵4 + 𝐶4 + 9 ∗ 𝐷4 = 𝐸4 

 

When [a,b,c,d,e,f,s]=[4, 3, 4, -1, 4, 2, 2], 

Equation (3) becomes, 

 −(−5𝑟 − 8 + 8 + 32  ) ∗ (5𝑟 − 8 + 8 + 32  ) =    

Let us find the rational solution of , 

−5𝑟 − 8 + 8 + 32  =   ........................ (12) 

Let us transform equation (12) to elliptic curve eqn.(13). 

  =   + 4   − 16   ......................................................... (13) 

This elliptic curve eqn.(13) has rank 1. 

The point (X, Y) = (164, -2112) leads to below. 

4144 +  1154 +  2644 +  9 ∗  1324 =  4394 

 

Similarly we also have numerical solutions for (k+5) quartics, in which C=(A+B) 

𝐴4 + 𝐵4 + 𝐶4 + 𝐷4 + 𝐸4 + 𝑘 ∗ 𝐹4 = 𝐺4 

Hence, 

𝐴4 + 𝐵4 + (𝐴 + 𝐵)4 +𝐷4 + 𝐸4 + 𝑘 ∗ 𝐹4 = 𝐺4 

(𝑎, 𝑏, 𝑐)4  + 𝑘 ∗ 𝑑4 = 𝑒4 ------ (A). 

𝑅𝑒𝑔𝑎𝑟𝑑 𝑛𝑔 𝑡 𝑒 𝑎𝑏𝑜 𝑒 𝑒  𝑎𝑡 𝑜𝑛 (𝐴), 𝑓𝑜𝑟 𝑡 𝑒 𝑐𝑎𝑠𝑒 (𝑐 = 𝑎 + 𝑏)  

𝐶𝑜𝑛𝑠 𝑑𝑒𝑟 𝑡 𝑒 𝑏𝑒 𝑜𝑤 𝑚𝑒𝑛𝑡 𝑜𝑛𝑒𝑑  𝑑𝑒𝑛𝑡 𝑡𝑦 𝑓𝑜𝑟 (𝑘 = 4)𝑎𝑛𝑑 𝑤 𝑡  𝑡 𝑒  

𝑐𝑜𝑛𝑑 𝑡 𝑜𝑛 (𝑐 = 𝑎 + 𝑏)  𝑒𝑡 𝑘 = (𝑚) = (2) = 4 

 

(2𝑝 − 2  )4 + (2  + 4𝑝 )4 + (2𝑝 + 4𝑝 )4 + (4) ∗  (𝑝 + 𝑝 +   )4 

 =  [ 6 ∗  (𝑝 + 𝑝 +   ) ]  



   

 

The right hand side of the above equation is equal to 36 times a fourth power and  

hence cannot be made a fourth power. 

 Regarding the case 𝑘 =  (𝑚) , m=1,2,3,4,5,6 has no known solutions with the  

 condition (c=a+b). But there is a solution for m=7, meaning ‘k’ = (𝑚) = (7) =  49 

Consider the below equation for (k+5) quartics, 

(𝑎, 𝑏, 𝑐, 𝑑, 𝑒)4 + (𝑘) ∗ (𝑓)4 = (𝑔)4 --------- (A) 

For k=5, there is a numerical solution for the above namely, 

(4,22,26,7,28)4 +  5 ∗ (14)4 = (35)4 

[since (4+22=26)] 

Example of parametric solution for k=5, for (a+b=c) is given below: 

(−26𝑛  44𝑛 + 4)4 + (22𝑛 − 8𝑛 − 26)4 + (4𝑛 + 52𝑛 + 22)4 +  5 ∗ (𝑛 + 𝑛 + 1)4

= (35𝑛 + 35𝑛 + 35)4 

Where ‘n’ is a parameter. 

There are parametric solutions for k= 14,46,49,63,94 where (k)<100. For (k=3) quartics. 

These have the condition (a+b=c). Namely (𝑎, 𝑏, 𝑐)4  + 𝑘 ∗ (𝑑)4 = 𝑒4 --------- (1) 

As is known (a=b=c)  𝑚𝑝  𝑒𝑠 ((𝑎, 𝑏, (𝑎 + 𝑏))4= 2 ∗ (𝑎 + 𝑎𝑏 + 𝑏 ) , hence equation (1) 

above can be parametrized when (a,b) is known. 

  𝑛𝑐𝑒 (𝑎, 𝑏, 𝑐)4 =  2(𝑎 + 𝑎𝑏 + 𝑏 ) = 𝑒4 −  𝑘 ∗ (𝑑)4 

Example of parametric solution for k=14 is given below: 

Numerical solution for above is (4,11,15)4 + 14 ∗ (1)4 = 164, (a+b=c) implies in above 

(4+11=15) 

 

------------- 

See below for more numerical solutions regarding (k+3) & (k+5) quartics, 

  

 

 

for k=1,2,3,4,5,6,7,8 & 9 

 

 

 

Table (1) Numerical solutions to (k+3) equation given below,  

 𝑎4 + 𝑏4 + 𝑐4 + 𝑘 ∗ (𝑑)4 = (𝑒)4  

For k=1,2,3,4,5,6,7,8 & 9 



   

 

 

k a b c 𝑑∗ e 

1 30 120 272 315 353 

2 49 280 1200 140 1201 

3 2 4 7 6 9 

4 34 10 5 14 35 

5 69 40 40 94 143 

6 455 280 142 170 483 

7 4 4 1 2 5 

8 3 2 2 22 37 

9 15 14 6 34 59 

(*) means (𝑑4) needs multiplication by value of ‘k’ 

 

 Conclusion:  

The authors have provide d method’s for finding numerical solutions for (k+3) & (k+5) 

quartic equation for k = (1,2,3,4,5,6,7,8 & 9) . Except for the case of (k=4,5,6) for the (k+3) 

quartic equation it is an open question and others can attempt to find solution by a different 

method.  

 

Table (2) Numerical solutions for (K+5) quartic equation given below: 

For k=1,2,3,4,5,6,7,8 & 9 

𝑎4 + 𝑏4 + 𝑐4 + 𝑑4 + 𝑒4 + 𝑘 ∗ (𝑓)4 = (𝑔)4  

 

k a b c d e 𝑓∗ g 

1 6 8 18 31 32 34 43 

2 2 6 8 13 20 4 21 

3 4 5 6 8 10 8 13 

4 10 12 14 15 20 2 23 

5 3 4 6 8 14 6 15 

6 1 8 12 14 16 4 19 

7 2 10 18 19 24 28 47 

8 4 5 8 10 18 6 19 

9 8 18 27 42 48 10 55 



   

 

(*) means (𝑓4) needs to be multiplied by value of (K) 

  

Conclusion:  

The authors have provided method’s for finding numerical solutions for (k+5) quartic 

equation for k = (1,2,3,4,5,6,7,8 & 9). Also the authors have provided solutions for (k+3) 

quartic equation for (k+3) equation for k=2,3,7,8&9, and for the case of (k=4,5,6) it is an 

open question and others can attempt to find solution by a different method.  
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